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ABSTRACT 

 
Ionic polymer-metal composites (IPMCs) consist of a polyelectrolyte membrane (usually, Nafion or 
Flemion) plated on both faces by a noble metal, and is neutralized with certain counter-ions that balance the 
electrical charge of the anions covalently fixed to the backbone membrane. In the hydrated state (or in the 
presence of other suitable solvents), the composite is a soft actuator and sensor. Its coupled electrical-
chemical-mechanical response depends on: (1) the chemical composition and structure of the backbone 
ionic polymer; (2) the morphology of the metal electrodes; (3) the nature of the cations; and (4) the level of 
hydration (solvent saturation). A systematic experimental evaluation of the mechanical response of both 
metal-plated and bare Nafion and Flemion in various cation forms and various water saturation levels has 
been performed in the author’s laboratories at UCSD.  By examining the measured stiffness of the Nafion-
based composites and the corresponding bare Nafion, under a variety of conditions, I have sought to 
develop relations between internal forces and the resulting stiffness and deformation of this class of IPMCs. 
Based on these and through a comparative study of the effects of various cations on the material’s stiffness 
and response, I have attempted to identify potential micro-mechanisms responsible for the observed 
electro-mechanical behavior of these materials, model them, and compare the model results with 
experimental data.  A summary of these developments is given in the present work. First, a micro-
mechanical model for the calculation of the Young modulus of the bare Nafion or Flemion in various ion 
forms and water saturation levels is given.  Second, the bare-polymer model is modified to include the 
effect of the metal plating, and the results are applied to calculate the stiffness of the corresponding IPMCs, 
as a function of the solvent uptake.   Finally, guided by the stiffness modeling and data, the actuation of the 
Nafion-based IPMCs is micro-mechanically modeled.  Examples of the model results are presented and 
compared with the measured data. 

 
 

1. INTRODUCTION 
 
Ionic polymer-metal composites (IPMCs) are soft actuators 
and sensors. They generally consist of a thin polyelectrolyte 
membrane of Nafion, Flemion, or Aciplex, plated on both 
faces by a noble metal, generally platinum or gold or 
platinum with a layer of finishing gold to improve surface 
conductivity, and is neutralized with the necessary amount 
of counter-ions, balancing the charge of anions covalently 
fixed to the backbone membrane. The anions in Aciplex 
and Nafion are sulfonates, whereas those in Flemion are 
carboxylates.  Figure 1 shows the chemical composition of 
Nafion and Flemion. When a thin strip of an IPMC 
membrane in the hydrated state is stimulated by the 
application of a small (1 to 3 V) alternating potential, it 
undergoes a bending vibration at the frequency of the 
applied voltage, generally no more than a few tens of Hertz.  
Under a suddenly applied step voltage (direct current, DC),  
 

 
 
 
the composite quickly bends towards the anode.  For the 
Nafion-based IPMCs that are neutralized with metallic 
cations, the strip then slowly relaxes in the opposite 
direction, i.e., towards the cathode, while still under the 
applied voltage. The extent of this back relaxation depends 
on the level of hydration and the cation form.  For certain 
cations, e.g., Cs+ and particularly Tl+, the back relaxation is 
several times greater than the initial fast displacement.  If 
the two faces of this strip are then suddenly shorted, the 
strip quickly bends further towards the cathode and then 
slowly relaxes back towards the anode, seldom attaining its 
original state. The magnitude and speed of these deflections 
depend on the nature of the counter-ions, the structure of 
the electrodes, the level of hydration (solvent saturation), 
and other conditions.  When the same membrane is 
suddenly bent, a small voltage of the order of millivolts is 
produced across its faces. Hence, these IPMCs are soft 
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actuators and sensors; see, e.g., Asaka and Oguro (2000), 
and Bar-Cohen et al. ( 1999). 
 

 
Figure 1.  Chemical structure of Flemion (left), and Nafion 
(right) 
 

For some large organic cations, e.g., tetrabutyl-
ammonium (TBA), a slow deflection towards the anode is 
observed under an applied step voltage, for both the Nafion- 
and Flemion-based composites. For small organic cations, 
e.g., tetramethylammonium (TMA), both a fast motion and 
a slow back relaxation are observed for the Nafion-based 
IPMC, but not for the Flemion-based composite. Indeed, 
preliminary observation of the step-voltage actuation of a 
Flemion-based IPMC with purely gold electrodes shows 
that the initial fast displacement of the cantilevered strip 
towards the anode is always followed by a slow relaxation 
in the same (i.e., towards the anode) direction for both 
metallic and organic cations.  Hence, unlike for the Nafion-
based composites, no back relaxation has been detected in 
these preliminary experiments for the Flemion-based 
IPMCs that are actuated by the application of a step voltage 
[Nemat-Nasser and Wu, 2002].     

Nemat-Nasser and Thomas (2001) have examined 
various aspects of the Nafion-based composites and their 
actuation and sensing properties, providing some detailed 
discussion of the potential micro-mechanisms and models 
to simulate them.  In my laboratories at UCSD, we have 
been carrying out a systematic experimental evaluation of 
the response of both metal-plated and bare Nafion and 
Flemion in various cation forms and at different hydration 
levels. Based on the results of the measured stiffness and 
actuation of the material under a variety of conditions, I 
have developed certain relations between internal forces 
and the resulting stiffness and deformation of this class of 
IPMCs. I have sought to decipher potential micro-
mechanisms responsible for the complex electro-
mechanical behavior of these materials.  Some of these 
results are summarized in the present paper.  For an 
overview of recent developments and applications of 
IPMCs, and for references, see Nemat-Nasser and Thomas 
(2001). 
 
 

2.  MICROSTRUCTURE AND PROPERTIES 
 

2.1 Composition and Properties 

IPMCs considered in the present work are made from 
Nafion 117 (i.e., 1,100 g per mole sulfonate dry membrane 
of 178 mµ thickness).  The metal-plated composites are 

about 200 mµ  thick membranes, consisting of the 
following constituents:  

(1) backbone perfluorinated co-polymer of 
polytetrafluoroethylene (PTFE) with perfluo-
rinated vinyl ether sulfonate pendants, 
forming interconnected nano-scale clusters 
that contain the sulfonates and their 
neutralizing cations;  

(2) electrodes consisting of 3 to 10 nm in 
diameter metal (generally platinum) particles, 
distributed mainly within 10 to 20 mµ  depth 
of both faces of the membrane, and usually 
covered with 1 to 5 mµ gold plating;  

(3) neutralizing cations; and 
(4) a solvent, usually water.  

The response of the IPMC depends on the nature of the 
backbone polymer, the structure of the electrodes, the 
counter-ions, and the level of hydration. Figure 2a shows 
various constituents in a typical cross section of an IPMC 
with Nafion as its backbone polymer, indicating the 
microstructure of the electrode region (insert A, also Figure 
2b) and the cluster morphology of the polymer (insert B, 
also Figure 2c). The density of the metal particles decreases 
with depth and generally is very small at the center of the 
strip.  Figure 2c is a high resolution TEM of the central 
portion of an IPMC, showing sparsely distributed platinum 
particles and the clustering of the polymer [see Heitner-
Wirguin (1996) and James et al. (2000) for further 
information on bare Nafion].  
 

 
 
Figure 2a.  Cross section of a typical Pt/Au-plated Nafion 117, 
showing the morphology of the electrode zone (insert A, see 
Figure 2b) and polyelectrolyte membrane (insert B, see Figure 
2c) 
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Figure 2b.  Electrode structure of Pt/Au-plated Nafion 117; 
distance between crosses is 670 nm [Nemat-Nasser and Wong, 
1999] 
 

 
 
Figure 2c. High resolution TEM of the central portion of a Pt-
plated Nafion 117, showing some Pt particles (dark) and a 
cluster morphology of the polymer [Nemat-Nasser and Wong, 
1999] 
 

The metal plating process can be adjusted to 
control the size and distribution of the metal particles 
[Millet et al., 1989, 1993, 1995; and Millet, 1999], which in 
turn affect the response of the composite in a major way.  
Platinum distribution for two examples is shown in Figure 
3, using Energy Dispersive X-ray Spectroscopy (EDS).  
The metal plating for these samples has been preformed by 
Shahinpoor and Kim (2000, 2001).  The sample 
corresponding to the dashed curve contains finer and more 
extensively distributed platinum particles, has greater 
capacitance, and shows better actuation than the other 
sample (solid curve).  The Flemion-based IPMCs that have 
been tested have pure gold electrodes with a dendritic 
structure [Onishi et al, 2000]. 

For the neutralizing cations, we have used H+, Li+, 
Na+, K+, Rb+, Cs+, Tl+, Ba++, and several organic cations 
such as TBA+ and TMA+.  Remarkably, the stiffness of the 
bare polymer as well as that of the corresponding IPMC 
changes with the cation type for the same membrane and at 
the same level of solvent uptake (e.g., hydration), as well as 
with the degree of solvent uptake.  The amount of solvent 
uptake at full saturation depends on the cation used, being a 
maximum for H+. It also depends on the temperature and 
duration of the solvent-uptake process.  In what follows 
attention is focused on water as the solvent. 

 
 

2.2 Actuation and Sensing 

A Nafion-based IPMC sample in the hydrated state 
performs an oscillatory bending motion when an alternating 
voltage is imposed across its faces, and it produces a 
voltage when suddenly bent. When the same strip is 
subjected to a suddenly imposed and sustained constant 
voltage (DC) across its faces, an initial fast displacement 
(towards the anode) is generally followed by a slow 
relaxation in the reverse direction (towards the cathode), 
particularly in an aqueous environment. If the two faces of 
the strip are then shorted during this slow relaxation 
towards the cathode, a sudden fast motion in the same 
direction (towards the cathode) occurs, followed by a slow 
relaxation in the opposite direction (towards the anode).  
Figure 4 illustrates these processes for a K+-form Nafion-
based IPMC.  The magnitudes of the two fast motions and 
the back relaxation that follows the fast motions change 
with the cation used.   

 
 

Figure 3. Distribution of platinum particles over the thickness 
of two Nafion-based IPMCs [Nemat-Nasser et al., 2002] 
 

More recent experiments using ethylene glycol or 
glycerol as solvents have shown drying of the anode face 
and wetting of the cathode face of the strip, during the 
entire deformation process under an applied DC voltage.  
Indeed, solvent droplets appear on the cathode face after the 
bending relaxation towards the cathode has advanced, while 
the anode face continues to remain dry.  Once the two faces 
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of the IPMC are shorted, the droplets disappear, diffusing 
back into the composite.  In addition, measurement of the 
current flow during the initial fast motion towards the 
anode and subsequent relaxation towards the cathode shows 
continued migration of cations into the cathode region even 
when this region is undergoing contraction.  
 

 
 
Figure 4.  Actuation of a K+-form Nafion-based IPMC under 
1V DC; from A to B fast initial motion, from B to C slow 
relaxation, from C to D fast motion upon shorting, and from D 
to E slow final relaxation [Nemat-Nasser and Wu, 2002] 
 

With water as the solvent, the slow back relaxation is 
smallest for the Li+-form and greatest for the Tl+-form 
cation, among the cations we have tested.   For large 
hydrophobic organic cations such as TBA+, a slow motion 
towards the anode is observed with no back relaxation. 
Remarkably, and in contrast to the response of the Nafion-
based composites, the fast and the following slow 
relaxation motions of the Flemion-based IPMCs that we 
have tested in the metallic cation forms are in the same 
direction.  That is, when the DC voltage is imposed, both 
the initial fast motion and the following slow relaxation are 
towards the anode, and then, upon shorting, they are both 
towards the cathode. This difference in the response may in 
part be attributed to the difference in the acidity ( apK ) of 
the sulfonates (e.g., about 5.1− for Trifluoromethane-
sulfonic acid, 3 3CF SO H , triflate) in the Nafion-based 
IPMCs, as compared with that of carboxylates (e.g., about 
0.23  for Trifluoroacetic acid, 3CF COOH ) in the Flemion-
based IPMCs.  Also, the electrode structure and 
composition of the two IPMCs are quite different, affecting 
the corresponding response. 

The objective is to identify the underpinning micro-
mechanisms responsible for each response, quantify these 
mechanisms mathematically, and, in this manner, develop 
physics-based predictive models that describe the observed 
phenomena for various ion-form IPMCs.  

  

2.3 Micro-mechanisms of Actuation  

In an IPMC, the backbone fluorocarbon polymer is 
hydrophobic and the anions (sulfonates for the Nafion-

based, and carboxylates for the Flemion-based IPMCs) are 
hydrophilic, resulting in the formation of clusters, within 
which the anions and their neutralizing cations are 
concentrated. The anions (sulfonates or carboxylates) 
within the clusters are covalently attached to the 
fluorocarbon matrix, while in a hydrated state the 
associated unbound cations can move within the water that 
permeates the interconnected clusters [Eisenberg, 1970; 
Gierke et al., 1981; Hsu and Gierke, 1982; Mauritz, 1988; 
Xue et al., 1989; Lee et al., 1992; Heitner-Wirguin, 1996; 
Li and Nemat-Nasser, 2000; and Nemat-Nasser and Li, 
2000].  

In the absence of an applied voltage, the cations and 
anions form conjugate pairs, with the cations optimally 
distributed within each cluster to minimize the overall 
energy.  Each cation-anion pair may be visualized as a 
pseudo-dipole whose effective moment depends on the 
nature of the cation and the number of available water 
molecules.  For the sake of referencing, in the present work, 
we choose to identify each cation-anion conjugate pair as a 
dipole, even though they do not form a true dipole.  Indeed, 
even for the same cation, the distance between the two 
charges corresponding to such a pseudo-dipole depends on 
the level of hydration and hence is a function of water 
uptake.  This fact will be incorporated into the model, as is 
explained later on in the present work. 

An applied electric field affects the cation distribution 
within the membrane, forcing the cations to migrate 
towards the cathode. This change in the cation distribution 
produces two thin layers, one near the anode and another 
near the cathode boundaries.  We refer to these as anode 
and cathode boundary layers, respectively. The clusters 
within the anode boundary layer are depleted of their 
cations, while clusters within the cathode boundary layer 
are cation rich. Nemat-Nasser and Thomas (2001) discuss 
potential effects that such changes in the cation 
concentration may produce within these boundary layers. A 
summary of their comments is first given.  Then, the most 
significant effects are examined, modeled mathematically, 
and their influence on the actuation of the composite is 
discussed and illustrated.   

At the anode and cathode boundary layers, the 
respective reduction and increase in the concentration of the 
ions may produce any of the following effects: 
(1) A decrease in the effective stiffness of the polymer in 

the anode, and an increase in this stiffness in the 
cathode boundary layer, respectively. 

(2) A repulsive electrostatic force among the fixed anions 
of each cation-depleted cluster in the anode boundary 
layer, which tends to increase the average cluster 
volume and also relax the prestretched polymer chains 
between adjacent clusters, increasing their entropy and 
decreasing their elastic energy. In the clusters within 
the cathode boundary layer, the additional cations 
initially repel the existing cation-anion pseudo-dipoles, 
contributing to the rapid expansion of these clusters 
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and hence the fast bending motion of the IPMC 
towards the anode.  In time the cations in the cathode 
boundary layer may slowly be redistributed under the 
influence of the strongly acidic sulfonates, producing 
the slow back-relaxation motion of the Nafion-based 
IPMCs (but not necessarily the Flemion-based IPMCs 
that contain the weakly acidic carboxylates).   

(3) Reorientation of the water molecules in the clusters, 
which tends to increase the effective electric 
permittivity of the clusters in the anode, and decrease it 
in the clusters within the cathode boundary layer.  This 
in turn reduces (increases) the electrostatic interaction 
forces among the charges within each cluster of the 
anode (cathode) boundary layer. 

(4) Removal from the anode and addition to the cathode 
boundary layer clusters, water molecules by cation 
migration, which tend to quickly change the clusters’ 
average volume. (For the H+ cations, however, there is 
no water removal from or addition to the clusters by 
this mechanism, since H+ migrates via the Grotthuss or 
hopping mechanism [Pomes, 1999]. Indeed, the 
removal (addition) of H+ ions actually increases 
(decreases) the volume of the water within the 
corresponding clusters, due to the electrostriction 
effects on the proton hydration shells.  Furthermore, 
the hydrophobic organic cations do not necessarily 
transport water as they redistribute).  

(5) A change (decrease for the anode and increase for the 
cathode boundary layer) in the osmotic pressure in the 
clusters, due to the change in the ion concentration. 

 
Effect (1) relates to the fact that anion-cation coupling 

within the clusters provides a pseudo cross-linking and a 
structured arrangement with concomitant increase in the 
internal energy and decrease in the entropy of the system. 
While the phenomenon may be modeled based on certain 
assumptions [Nemat-Nasser and Li, 2000], its experimental 
verification presents major difficulties.  On the other hand, 
effects (2) to (5) can be modeled directly and indeed do 
explain the observed behavior of the IPMCs, as is shown in 
what follows. 

2.4 Some Basic Characteristic Parameters 
One of the most important parameters that characterizes an 
ionomer, is its ion content, which is operationally defined 
by its equivalent weight, EWion. For Nafion 117 in the H+-
form, EWH+ = 1,100 g dry sample per mole 3SO− ion. It is 
convenient to extend this definition to IPMCs in various 
cation forms, as follows:  

1.008H ion
ion

EW FWEW
SF

+ − +
= , (1) 

where FWion is the formula weight of the cation used, and 
SF is a scaling factor that measures the mass fraction of the 
added metal electrodes, SF = mass of dry backbone 

ionomer per unit mass of dry IPMC. For bare samples (no 
metal electrodes), SF = 1.  When the areal densities of the 
backbone polymer and the added metal electrodes are both 
constant, then SF is also constant. 

Another important parameter is the hydration, 
defined by the water uptake, w, which is the volume of 
water absorbed, 

2H OV , divided by the dry volume, Vdry, of 
the IPMC: 

2H O

dry

V
w

V
= . (2) 

From the above two parameters, we calculate the 
anion molality, m, within the sample, 

310
ion

m
EW w

ρ
= . (3) 

This measures moles of anion within the IPMC per liter of 
its water content. In (3), ρ is the dry density of the IPMC 
membrane, measured in g/cm3.  The number of moles of 
anion per cubic meter of the hydrated sample and the anion 
charge density in Coulomb per cubic centimeter (C/cm3) of 
the dry sample then respectively are 

310 , ,
1 dry

ion

w FC m Q
w EW

ρ− −= =
+

 (4) 

where F is Faraday’s constant (96,487 C/mol).  Hence, the 
total ion concentration, c, measured as mole anion and 
cation per mole water, and the associated total molality, 

,mν  are 

6 118 10 ( ) ,− + − +
= × +

wc C C
w

  

3 110 ( ) wm C C
w

− + − +
= +ν , (5) 

where C+ is the concentration of cations measured in mole 
per cubic meter of hydrated sample. 
 
 
 

3.  STIFFNESS VERSUS HYDRATION 

3.1 Stress Field in Polymer Matrix 
A dry sample of a bare polymer or an IPMC in an aqueous 
environment absorbs water until the resulting pressure 
within its clusters is balanced by the elastic stresses that are 
consequently developed within its backbone polymer 
membrane.  From this observation the stiffness of the 
membrane can be calculated as a function of the water 
uptake for various cations.  We first consider the balance of 
the cluster pressure and the elastic stresses for the bare 
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polymer (no metal plating) and then use the results to 
calculate the stiffness of the corresponding IPMC by 
including the effect of the added metal electrodes.  The 
procedure also provides a way of estimating many of the 
microstructural parameters that are needed for the modeling 
of the actuation of the IPMCs.  Since, for the Nafion-based 
IPMCs, the overall stiffness of both the bare membrane and 
the corresponding IPMCs has been measured directly as a 
function of the hydration [Nemat-Nasser et al., 2002], the 
basic assumptions and the results can thus be subjected to 
experimental verification. 

The stresses within the backbone polymer may be 
estimated by modeling the polymer matrix as an 
incompressible elastic material [Treolar, 1958; Atkin and 
Fox, 1980]. Here, it will prove adequate to consider a neo-
Hookean model for the matrix material.  In this model, the 
principal stresses, ,Iσ  are related to the principal stretches, 

,Iλ  by 

2
0 ,I Ip Kσ λ= − +  (6) 

where 0p  is an undetermined parameter (pressure) to be 
calculated from the boundary data; in spherical coordinates, 

, , ,I r= θ ϕ  for the radial and the two hoop components; 
and K  is an effective stiffness which depends on the cation 
type and its concentration, and on the water uptake, w.   

The aim is to calculate K  and 0p  as functions of 
w for various ion-form membranes. To this end, we 
examine the deformation of a unit cell of the hydrated 
polyelectrolyte (bare membrane) by considering a spherical 
cavity of initial (i.e., dry state) radius 0a  (representing a 
cluster), embedded at the center of a spherical matrix of 
initial radius 0R , and placed in a homogenized hydrated 
membrane, referred to as the matrix. We assume that the 
stiffness of both the spherical shell and the homogenized 
matrix is the same as that of the (yet unknown) overall 
effective stiffness of the hydrated membrane.  For an 
isotropic expansion of a typical cluster, the two hoop 
stretches are equal, =ϕ θλ λ .  From incompressibility 

2 1r =θλ λ , and (6) yields 

4
0 0 0( ) ( )r r p K rθσ λ−= − + ,   

2
0 0 0( ) ( )r p K rθ θσ λ= − + ,  (7) 

where 0r  measures the initial radial length from the center 
of the cluster.  We assume that the effective elastic 
resistance of the (homogenized hydrated) membrane 
balances the cluster’s pressure, cp , which is produced by 
the combined osmotic and electrostatic forces within the 
cluster. 

 Denote the initial porosity (volume of voids 
divided by total volume) by 0n .  Then, the initial void ratio 
(void volume divided by volume of dry polymer) is 

0w = 0 0/(1 )n n− . Both 0n  and 0w  are very small, i.e., 

0 0( , ) 1.n w <<  Consider cases where the water uptake is 
suitably large, i.e., cases where 0w w> . Then, with a 
denoting the cluster radius and R the outer radius of the 
representative spherical shell, both after water uptake, 
obtain 

3
0 0 0( / )n a R= , 0

0
01

nw
n

=
−

, 

3
30 0

0
0 0

( )( ) 1
1 1

n Rw a
n n

= = −
− −

θ
θ

λλ ,  (8) 

where 0 0( ) /a a a=θλ  and 0 0( ) /R R R=θλ  are the hoop 
stretches at the cluster surface and at 0 0r R= , respectively. 
Upon deformation, material points initially at 0r  move to r, 

3 3 3
0 0 0( / 1)r r a w w= + − , (9) 

where (8) is used.  The radial and hoop stresses at an initial 
distance of 0r  from the cluster center are  

3 4 /3
0 0 0 0 0( ) [( / ) ( / 1) 1] ,r r p K r a w wσ − −= − + − +  

3 2 / 3
0 0 0 0 0( ) [( / ) ( / 1) 1]r p K r a w w−= − + − +θσ . (10) 

The radial stress, rσ , must equal the pressure, cp , in the 
cluster, at 0 0r a= .  In addition, the volume average of the 
stress tensor, taken over the entire membrane, must vanish 
in the absence of any externally applied loads.  This is a 
consistency condition that to a degree accounts for the 
interaction among clusters.  These conditions are sufficient 
to yield the undetermined pressure, 0p , and the stiffness, 
K, in terms of w and w0, for each ion-form bare membrane, 
as is discussed in what follows. 

3.2 Pressure in Clusters 
For the hydrated bare membrane or an IPMC in the M+-ion 
form, and in the absence of an applied electric field, the 
pressure within each cluster, ,cp  consists of osmotic, 

( ),M +Π  and electrostatic, ,DDp  components, 

( ) ,c DDp M p+= +Π  (11) 

where the electrostatic component is produced by the ionic 
interaction that we represent by dipole-dipole interaction 
forces (hence the subscript DD), approximating cation-
anion conjugate pairs as dipoles.  
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Osmotic Pressure: The osmotic pressure is calculated by 
examining the difference between the chemical potential of 
the free (bath) water and that of the water within a typical 
cluster of known ion concentration within the membrane.  
The chemical potential of water within the membrane 
(measured per mole) is expressed as  

6
0

6 3
0

118 10 ln
1

18(10 10 ),

w w

w

p RTg
c

p RT m

µ µ

µ φν

−

− −

⎛ ⎞= + × + ⎜ ⎟+⎝ ⎠

= + −

          (12) 

where g is the “rational” and φ  is the “practical” osmotic 
coefficient, being related by (1 0.009 )g m= + ν φ ; v = 2; 
and p is the water pressure in Pa.  The osmotic coefficient 

( )mφ depends on the molality, m, [Robinson and Stokes, 
1965]. The osmotic pressure in MPa, associated with the 
cation ,M +  is now obtained from the difference in the 
chemical potential of the cluster water and the free bath 
water.  This gives, 

( )M + =Π 0
0, ,dry

ion

Q KRT RTK
EW w w F

ν φνρ φ −

= =  (13) 

where dryQ−  is defined in (4). 
Dipole-dipole Interaction Pressure: Consider now the 
electrostatic interaction forces within a typical cluster. In 
the dry state, and in the absence of an applied electric field, 
the cations, M + ’s, and the sulfonates, 3SO− ’s, form 
pseudo-dipoles that are distributed over the cluster surface.  
In a hydrated state, the hydration water molecules intervene 
and modify the strength of these dipoles and their 
interaction forces.  Depending on the water content, the 
electrostatic interaction may produce hydrostatic tension or 
compression within the clusters. Their effective moments 
depend on the water content and change with the water 
uptake, w.  

To estimate the pressure ,DDp  produced by the 
electrostatic forces in a typical cluster, consider a sphere of 
radius a, containing radial dipoles of density ,p qα=  
uniformly distributed over the sphere’s surface area. Here, q 
is the charge density and ( )w=α α is an effective dipole 
length, a function of the water uptake, w.  The radial 
pressure on the sphere is then calculated by integrating the 
Coulomb forces acting on the dipoles of an elementary 
surface area, due to all other dipoles that are distributed 
over the sphere.  This gives,  

2 2 2

2 2
3! 3 ,
2DD

e e

p qp
a a

= =
α

κ κ
 (14) 

where ( )e e w=κ κ is the effective electric permittivity in the 
cluster, which changes with the water uptake, w.  Since 

anions reside solely within the clusters, the surface charge 
density, q, can be calculated as follows: 

( ) ( )3 3 3 3
0 0 2 2

0 0
2 2/3

0 0

4 1 4 1
3 34 4

, , (15)
3 3( )

B B

B B B
B

ion

q Q R a Q R a
a a

a RQ Q FQ
w EWa wθ

π π
π π

ρ
λ

− −

− −
−

= − = −

= ≈ =

   

where BQ−  is the anion charge density (in C/cm3) of  the dry 
bare membrane, Bρ  is the dry density of the bare 
membrane, and ionEW  is its equivalent weight.  The last 
expression is obtained using the incompressibility of the 
polymer and the fact that 0 0( , ) 1.n w <<  Now, in view of (8) 
and (15), expression (14) reduces to  

22
2

1 .
3DD B

e
p Q

w
α

κ
− ±

=  (16) 

Here, the plus sign is for repulsive, and the minus sign is for 
attractive dipole-dipole interaction forces. From (13) and 
(16), the cluster pressure finally becomes 

220
2

1 .
3

B
c B

e

Q Kp Q
w w

−
− ±

= +
ν φ α

κ
 (17) 

3.3 Stiffness of Bare Ionomer versus Hydration  
We now estimate the overall effective stiffness, K = K(w), 
and pressure, 0 0( )p p w= , as functions of the water uptake, 
w, for the bare ionomer.  To this end, observe that the radial 
stress, 0( ),r rσ at 0 0,r a=  must balance the common 
pressure, ,cp  in the (interconnected) clusters,  

0( ) .r ca p= −σ  (18) 

To account for the interaction among the clusters, and to 
ensure consistency, the volume average of the stress tensor 
must vanish in the absence of an external load.  This 
requirement yields two equations.  The first shows that the 
volume average of the deviatoric part of the stress tensor 
taken over the dry polymer matrix only (i.e., excluding the 
clusters) must vanish.  The second relates the volume 
average of the spherical part of the stress tensor (taken 
again over the dry polymer matrix) to the cluster pressure, 

cp , as follows:  

1 1 ( 2 ) 0.
3

dry

r dry c
dry V

dV wp
V

+ − =∫ θσ σ  (19) 

The integral can be evaluated in closed form for a typical 
unit cell with spherical shell of thickness 0 0,R a−  and 
using (10), we obtain 
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0 0

0
1/ 3 1/ 3

0 0

0

,
1 2 1 2 ,
(1 ) (1 )

1.

n c

n

p Kw I wp
An AI

n An A
wA
w

− + =
+ +

= −
+ +

= −

 (20)  

Combining (17), (18), and (20)1, we now arrive at 

4 / 30
0

4 / 3
0

0

(1 ) ,
( )

( ) .

c

n

c

wK p ww I
w

wp K p
w

−

+
=

−

= +

 (21) 

3.4 Comparison with Experimental Data 
In a series of experiments, the extensional Young’s 
modulus, Y, of strips of bare Nafion 117 in various ion 
forms, is measured as a function of the water uptake, w, 
[Nemat-Nasser et al., 2002].  These results are now used to 
check the model and, more importantly, to fix the model 
parameters.  Since both the polymer matrix and water can 
be regarded as incompressible at the level of the involved 
stresses, the hydrated composite can be regarded as 
incompressible when the water uptake is fixed; i.e., in the 
absence of water exchange with the surrounding 
environment, the hydrated membrane is assumed to be 
incompressible.  For small axial strains (i.e., less than 1%), 
therefore, the Young modulus BY  of the hydrated strip of 
bare polymer relates to the stiffness K, by 

3BY K= , (22) 

which follows directly from (6) for small strains.  Figure 5 
shows the experimentally measured YB for Li+-ion form 
Nafion 117.  The measurement technique and the associated 
instruments are discussed elsewhere [Nemat-Nasser et al., 
2002].  Here we use the data to check our model results, as 
follows. 

In Figure 5, the lower solid curve is obtained from 
(21)1, in the following manner.  For the purposes of 
calculation, we use an initial porosity of 0 0.01,n =  which is 
rather large but suitable in the present context. Then we 
calculate LiEW + from (1) with LiFW + equal to 6.94 for Li+.   
Since the bare Nafion is used, SF is equal to 1.  For the 
value of the osmotic factor, ,φ  we use 1, although 

1.6=φ may be inferred from the data reported in the 
literature for metal salts of Li+ with trifluoro-
methanesulfonic acid (CF3SO3H, triflate), [Bonner, 1981].  
In view of the uncertainty in the values of several other 
involved parameters, 1=φ  is justified. The dry density 

,Bρ is measured to be about 2.01 g/cm3.  With 2,=ν  
8.3R = J/mol/K, and 300T = K for room temperature, the 

only unknown quantity in equation (17) and hence in (21)1 
is the ratio 2 / .eα κ   

To estimate eκ as a function of the water uptake, w, 
note that water molecules are polar. As part of the 
hydration shell of an ion, water has a dielectric constant of 
only 6, whereas as free molecules, its dielectric constant is 
about 78 at room temperature.  The static hydration shell of 
Li+ is about 6, which equals its corresponding coordination 
number, CN; see Nemat-Nasser and Thomas (2001) for 
comments.  Let wm  be the number of mole water per mole 
ion (cation and anion) within a cluster, and note that 

.
18

ion
w

B

EW w
m

ν ρ
=  (23) 

Hence, when the water uptake is less than CN moles per 
mole of ion within a cluster, we set 06 ,e =κ κ  where 

12
0 8.85 10−= ×κ F/m is the electric permittivity of the free 

space. On the other hand, when more water is available in a 
cluster, i.e., when ,wm CN> we calculate ( )e e w=κ κ , as 
follows:  

0
7 6 6 , .
7 6

w
e

w

f m CNf
f m

κ κ+ −
= =

−
 (24) 

 
 
Figure 5.  Uniaxial stiffness (Young’s modulus) of bare Nafion 
117 (lower data points and the solid curve, model) and an 
IPMC (upper data points and the solid curve, model) in the 
Li+-form versus hydration water w  
 

Expression (24)1 is obtained from equation (B5) of 
Appendix B of Nemat-Nasser and Li (2000) by setting 

1 06κ κ= and 2 078κ κ=  in1 

                                                           
1 Note that equation (44) of Nemat-Nasser and Li (2000) and equation (34) 
of Nemat-Nasser and Thomas (2001) contain typographical errors, while 
equation (B5) of Nemat-Nasser and Li (2000) is correct.  
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2 1 2 1
1

2 1 2 1

( )
( )e

f
f

κ κ κ κ
κ κ

κ κ κ κ
+ + −

=
+ − −

.   

These authors use a micro-mechanical model to obtain their 
result; see Nemat-Nasser and Hori (1993, 1999).   

We now calculate the parameter 2 ,±α as follows.  As a 
first approximation, we let 2α  vary linearly with w for 

,wm CN≤  i.e., we set 

2
1 2 ,a w aα± = +  for ,wm CN≤  (25) 

and estimate the coefficients a1 and a2 from the 
experimental data.  For ,wm CN> furthermore, we assume 
that the distance between the two charges forming a 
pseudo-dipole is controlled by the effective electric 
permittivity of the their environment (i.e., water molecules), 
and hence is given by 

10 1/ 2
1 2

7 610 ( ) ;
7 6

f a w a
f

− +
= +

−
α  (26) 

note that for ,wm CN>  we have 1 2 0a w a+ > .  The lower 
solid curve in Figure 5 corresponds to the values a1 = 1.728 
and a2 = − 0.0778 which are obtained by setting BY = 1,250 
for w = 0.02 and BY = 60 for w = 1.00.  Parameters a1 and 
a2  are thus empirically fixed in this model. 
 
 

3.5 Stiffness of IPMC versus Hydration 

In Figure 5 the upper data points represent the measured 
stiffness of a Nafion-based IPMC in the Li+-form, as a 
function of its hydration; see Nemat-Nasser et al., (2002) 
for details.  The upper solid curve is the model result 
obtained using the model results (lower solid curve in the 
figure) for the bare Nafion in the Li+-form, as follows. 

The gold plating is about one micron layer on both 
faces of an IPMC strip, while platinum particles are 
distributed through the first 10 to 20 micron surface 
regions, with diminishing density (see Figures 2a, b).  To 
include the effect of these metal electrodes on the overall 
stiffness of the composite, we assume a uniaxial stress state 
and average over the strip’s volume to obtain the average 
strain and stress, as follows: 

(1 ) ,

(1 ) , ,
1

IPMC MH B MH M

M
IPMC MH B MH M MH

f f
ff f f

w

= + −

= + − =
+

ε ε ε

σ σ σ
 (27) 

where the barred quantities are the average values of the 
strain and stress in the IPMC, bare (hydrated) membrane, 
and metal electrodes, respectively; and fM is the volume 
fraction of the metal plating in a dry sample, given by 

(1 ) ,
(1 )

B
M

B M

SFf
SF SF

ρ
ρ ρ

−
=

− +
 (28) 

where Mρ = 20 g/cm3 is the mass density of the metal 
plating and SF is the scaling factor, representing the weight 
fraction of dry polymer in IPMC.  We assume that the 
average stress in the bare polymer and in the metal are 
given by 

, ,B B IPMC M M IPMCA Aσ σ σ σ= =  (29) 

where AB and AM  are the concentration factors, giving the 
average stress in the bare polymer and metal in terms of the 
average stress of the IPMC, .IPMCσ   Setting ,B B BY=σ ε  

,M M MY=σ ε and ,IPMC IPMC IPMCYσ ε=  it follows from 
(27), (28), and (29) that 

,
(1 )

(1 )(1 ) , (1 ).
1 (1 )

M B
IPMC

B M B B

M
M

M

Y YY
BA Y BA Y
w fB w w f
w f

=
+ −

+ −
= = −

+ −

 (30) 

Here YB is evaluated at hydration of w when the hydration 
of the IPMC is w.  The latter is measured directly at various 
hydration levels, as shown in Figure 5 for an IPMC in the 
Li+-form.  Since most IPMCs that we have studied contain 
both platinum (with 21.45 g/cm3 mass density) and gold 
(with 19.3 g/cm3 mass density), Mρ  in (28) represents their 
combined overall density. The quantity SF can be measured 
directly [Nemat-Nasser and Thomas, 2001] or indirectly 
from the measured density of the IPMC in various ion 
forms [Nemat-Nasser et al., 2002].  For the data shown in 
Figure 5, Mρ = 20 g/cm3, Bρ = 2.0 g/cm3, and SF = 0.60, 
resulting in fM = 0.0625.    

 
 
Figure 6.  Uniaxial stiffness (Young’s modulus) of bare Nafion 
117 (lower data points and the solid curve, model) and an 
IPMC (upper two open circles and the dotted curve, model) in 
the Rb+-form versus hydration water; FW = 85.5, 2.10,Bρ =  

1 22.10, 0.075, 3.0, 1.0, 0.60Ba a CN Aφ= = − = = =  
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For YM we have used 75 GPa and for the concentration 
factor we have used AB = 0.50.  Then, for each value of w 
the corresponding value for the bare polymer, given by the 
lower solid curve in Figure 5, is entered into equation (30)1 
to obtain the associated value for the upper solid curve. 
Similar results are obtained for other IPMCs in other ion 
forms, as illustrated for the Rb+-form IPMC in Figure 6.  
Other data are presented elsewhere by Nemat-Nasser et al. 
(2002). 
 
 
 

4.  IPMC ACTUATION 
 
When a cantilevered strip of a fully hydrated IPMC in a 
metallic cation-form is subjected across its faces to, say, 1V 
step electric potential, it quickly bends towards the anode. 
Then, while the voltage is still on, a slow reverse (i.e., 
towards the cathode) relaxation motion follows the initial 
fast bending.  Upon shorting during the slow bending 
motion towards the cathode, the IPMC strip quickly bends 
in the same (i.e., towards the cathode) direction and then 
reverses its motion and slowly relaxes back towards the 
anode. In what follows, I seek to model these phenomena 
micro-mechanically and obtain quantitative results that are 
in accord with these observations.  
 As pointed out before, the application of electric 
potential causes redistribution of the cations within the 
membrane.  As a result, two thin boundary layers form, one 
near the anode and the other near the cathode electrodes.  In 
this process, the clusters in the anode boundary layer are 
depleted of their cations, whereas those in the cathode 
boundary layer are supplied with additional cations. Recent 
measurements of the current flow during the IMPC 
actuation shows continued accumulation of cations within 
the cathode boundary layer long after the initiation of 
bending relaxation away from anode and towards the 
cathode.  Thus, during the back relaxation, the cathode 
boundary layer of the IPMC strip is contracting while 
cations are still being added to its clusters.  This 
experimental observation points out the dominance of 
electrostatic forces over the osmotic and hydraulic 
pressures (at least during the back relaxation response), 
negating the so-called hydraulic model of the IPMC 
actuation; see Nemat-Nasser and Thomas (2001).    

The anode and cathode boundary layers, together with 
their corresponding charged electrodes essentially shield the 
central part of the IPMC from the effects of the applied 
electric potential. Basically, all critical processes that cause 
actuation occur within these two boundary layers. Each 
boundary layer has its own distinct characteristics, which 
must be understood and modeled. 

The cation migration is generally accompanied by 
some water transport (except for H+ and for hydrophobic 
cations, e.g., TMA and TBA).   In addition, the changes in 
the ion concentration and in the electrostatic forces that are 

produced by the cation migration and the resulting charge 
imbalance within the clusters drive water into or out of the 
boundary layer clusters.  These comments suggest that a 
complete solution of the actuation problem requires a 
coupled electro-chemo-mechanical formulation for 
calculating the charge and water density distributions as 
functions of time, and thence the resulting deformation of 
the IPMC.  Suggested by a micro-mechanical model that 
did not include the capacitive properties of the electrodes, 
Nemat-Nasser and Li (2000) estimated the time scale for 
the initial cation redistribution to be very small compared 
with, say, the mechanical (bending) response time of a 
hydrated IPMC strip.  As mentioned above, recent direct 
measurements (Nemat-Nasser and Wu, 2002) have, 
however revealed continued cation depletion from the 
anode and accumulation into the cathode boundary layers 
long past the initial fast motion and way into the period of 
back relaxation of the cantilever.    On the other hand, since 
the widths of the anode and cathode boundary layers (1 to 
20 microns) are small compared with the thickness (about 
220 microns) of the hydrated IPMC membrane (Nemat-
Nasser and Thomas, 2001), the final equilibrium 
distribution of the cations (under a DC voltage) can be 
estimated in closed form and then modified to account for 
the temporal evolution that leads to the final equilibrium 
state.  Therefore, for modeling purposes, one may first 
calculate the final equilibrium cation distribution that is 
caused by an applied (DC) electric potential, modify this to 
include the temporal variation, and then consider the 
resulting effects on the osmotic, electrostatic, and elastic 
response of the membrane.  The validity of the assumption 
of the small length of the boundary layers and the 
separation of spatial and temporal solutions can then be 
checked a posteriori.  This approach is followed in the 
sequel. 
 

4.1 Volumetric Straining, Eigenstrain Rate, and 
Actuation 

I assume that the actuation of the IPMC is caused by the 
changes in the volume of the clusters within the cathode 
and anode boundary layers, in response to the electrically 
induced cation redistribution.  In an aqueous environment, I 
assume full hydration of all the clusters all the time.  Thus, 
when, say, the cation-rich clusters in the cathode boundary 
layer tend to expand under the action of the repulsive 
electrostatic forces and osmotic pressure (suction) due to 
greater cation concentration, I assume that water will 
diffuse from the surrounding bath into these clusters, 
keeping the clusters fully saturated.  This process continues 
until the elastic resistance of the matrix polymer in the 
boundary layers balances the internal cluster pressure.  The 
resulting strains are called eigenstrains.  These eigenstrains 
would result if the boundary layers (clusters embedded in 
the elastic polymer matrix) were free from the constraint of 
the remaining part of the IPMC.  In the presence of such 
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constraints, elastic stresses are produced in the backbone 
polymer, leading to the observed bending actuation.      
 
Eigenstrain Rate: With fully water-saturated clusters, the 
volumetric strain rate, vε , is related to the rate of change of 
the water uptake,  

ln(1 ),
1v

w w
w t

∂
= = +

+ ∂
ε  (31) 

where, as before, the polymer matrix and water are 
regarded as incompressible, and hence any overall volume 
change is due to a change in the cluster volume (water 
uptake).   

With x measuring length along the cross section of 
the strip (Figure 7) from its mid-point, denote the 
corresponding axial (along the length of the strip) 
eigenstrain rate by ,ε∗  and set 

1 1 ( , )( , ) ( , ) ,
3 3 1 ( , )v

w x tx t x t
w x t

ε ε∗ = =
+

 (32) 

where the dependence on the distance along the thickness 
and time, x and t, is shown explicitly.  ( , )x tε ∗  is called  the 
eigenstrain rate. 
 
Eigenstress Rate: The eigenstrain rate ( , )x tε∗  produces an 
eigenstress rate (Nemat-Nasser and Hori, 1993, 1999), 
given by 

BLYσ ε∗ ∗= − , (33) 

where BLY  is the effective Young’s modulus of the 
boundary layer, i.e., of the hydrated polymer.   

The total axial stress rate acting normal to the 
cross section of the strip, is given by the sum of the stress 
rate carried by the backbone polymer, ( , ),x tσ σ=  and the 
eigenstress rate,  

( , ) ( , ) ( , ).T x t x t x tσ σ σ ∗= +  (34) 

When no external load is applied, equilibrium requires 

( , ) 0, ( , ) 0.
H H

T T

H H

x t dx x x t dx
− −

= =∫ ∫σ σ  (35) 

From these expressions, the tip displacement of a 
cantilevered strip of an IPMC can be computed 
incrementally, once the eigenstrain rate ( , )x t∗ε  is known. 

Note that the eigenstrains that tend to develop 
within the boundary layers may be finite. However, the 
resulting actual bending strains within the IPMC are 
generally quite small.  Therefore, while it may be necessary 
to use a finite elasticity model to calculate the constraint-
free deformation of the clusters in the boundary layers 

(similar to the stiffness calculation of Section 3), only small 
deformation analysis is required for the overall bending 
calculations. 

 
 

 
 
 
 

 
 
 
 
 
Figure 7.  Schematics of the cross section of an IPMC of 
thickness 2H, consisting of metallated layers of thickness H-h 
sandwiching hydrated bare polymer of thickness 2h; the 
effective Young’s modulus of the metallated layers is YM  and 
that of the hydrated polymer is YB; and x measures distance 
from mid-point of cross section 
 
 
Tip Displacement: For a cantilevered strip of length L and 
unit width, undergoing small bending motion, the tip 
displacement rate, ,u  is related to the maximum cross-
sectional bending strain rate maxε  by2  

max
2 ,H u
L L

ε =  (36) 

where 2H is the thickness of the hydrated IPMC, and it is 
assumed that maxε is constant along the length of the strip.  
The bending moment required to produce this strain rate is  

2 2max
max

2( ) (3 2 ),
3

H

R IPMC B
H

M Y x x dx H Y Y
H

−

= ≈ −∫
ε ε (37) 

where IPMCY and 3 ( )BY K w= are the Young moduli of the 
hydrated IPMC and bare Nafion, defined in equations (30)1 
and (21)1, respectively.  From (37) and (36) it now follows 
that 

3
3 .

4 (3 2 )
R

IPMC B

LMu
L H Y Y
=

−
 (38) 

Now, using (34) in (35)2, the bending moment rate, 
( , ),SM x t  supplied by the changes in the boundary layers, 

is expressed in terms of the rate of water uptake by 

1 ( , ) .
3 1 ( , )

h

S BL
h

w x tM Y x dx
w x t

−

=
+∫  (39) 

                                                           
2Set z = L, u0 = 0, h = H, u = ,u and max maxε ε= in equation (14), page 
157, of Nemat-Nasser and Thomas (2001) where a derivation is sketched. 
 

MY

BY 2H

x

NafionNafion

Pt or AuPt or Au
PlatingPlating

2h
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If we assume that the boundary layer modulus BLY is 

constant, then by setting ,R SM M=  equation (38) yields, 

3
( , ) .

1 ( , )4 (3 2 )

h
BL

IPMC B h

u LY w x tx dx
L w x tH Y Y

−

=
+− ∫  (40) 

Note that the integration in (40) is from h− to ,h  while the 
total thickness of the strip is 2H; see Figure 7. 
 What remains now is to calculate ( , )w x t in terms 
of the osmotic, electrostatic, and elastic forces acting on 
clusters, as discussed in the sequel. 
 

4.2 Voltage-induced Cation Redistribution  

In general the redistribution of the cations and the 
associated water molecules under the action of an applied 
electric potential, is governed by coupled equations 
involving the gradient of the chemical potential of water 
given by equation (12), and the electro-chemical potential 
of the cations, 

0 ln( ) ,RT C Fµ µ γ ϕ+ + + += + +  (41) 

as well as the elastic potential of the polymer matrix; in 
(41), 0

+µ  includes the reference 0 0ln( )Cγ + +  necessary for 
normalization, and ( , )x t=ϕ ϕ is the electric potential field.  
The ion and water fluxes must satisfy continuity, 

ln(1 ) 0, 0,v C Jw
t x t x

+ +∂ ∂ ∂ ∂
+ + = + =

∂ ∂ ∂ ∂
 (42) 

where v = v(x, t) is water velocity (flux) and ( , )J J x t+ += is 
the cation flux, both in the thickness (i.e., x) direction.  
These fluxes are usually expressed as linear functions of the 

gradients 
w

x
µ∂
∂

 and 
x
µ+∂
∂

 (i.e., forces), through empirical 

coefficients.  In a complete theory, these expressions must 
be appropriately augmented to include the potential of the 
elastically deforming polymer. 
 
Volumetric Strain due to Cation Water Transport: As 
noted before, some water molecules are carried by 
hydrophilic cations (except for H+).  This kind of water 
transport must be included directly with the flux of the 
cation carriers. Indeed, if SN is the dynamic solvation 
number, i.e., mole water molecules actually transported per 
mole migrating cations, the resulting volumetric eigenstrain 
would be, 

618 10 ( ) .v C C SNε∗ − + −= × −  (43) 

As pointed out by Nemat-Nasser and Thomas (2001), the 
interconnected clusters provide an inhomogeneous structure 
and a tortuous route for the migrating cations. This may 

result in a solvation number much smaller than what may 
be measured in the bulk, where water molecules that remain 
in association with the ion for times longer than the 
diffusive lifetime are considered solvation waters.  Thus, 
SN in (43) is expected to be only a fraction of the 
coordination number, CN, used in the stiffness calculation 
of Section 3.  This volumetric strain given by (43) may thus 
be estimated directly once the cation distribution is 
calculated and the actual dynamic solvation number for 
cations in the IPMC is measured (or assumed).  I hasten to 
mention again recent current-flow measurements (Nemat-
Nasser and Wu, 2002) that show continued cation addition 
to the cathode clusters while these clusters are actually 
contacting, suggesting that the cations rather than their 
solvation water molecules are of primary importance in the 
IPMC actuation.  
 
Cation Transport: Consider now the problem of cation 
redistribution and the associated induced water diffusion. 
The diffusion-controlled water migration is generally a 
slow process.  Thus, only the second continuity equation in 
(42) is expected to be of importance in describing the initial 
cation redistribution.  The corresponding flux can be 
expressed as 

w wD C D CJ
RT x RT x

++ + + + +
+ ∂ ∂
= − +

∂ ∂
µ µ , (44) 

where D++ and wD+ are empirical coefficients.  From (41) 
and (44), it follows that 

w wC C F D CJ D
x RT x RT x

ϕ µ+ + + +
+ ++ ⎛ ⎞∂ ∂ ∂
= − + +⎜ ⎟⎜ ⎟∂ ∂ ∂⎝ ⎠

.  (45) 

On the other hand, the well-known Nernst equation yields, 
in the present case [Lakshminarayanaiah, 1969], 

wC C F C V pJ D C v
x RT x RT x

ϕ+ + + +
+ + +⎛ ⎞∂ ∂ ∂
= − + + +⎜ ⎟⎜ ⎟∂ ∂ ∂⎝ ⎠

, (46) 

with D+ being the ionic diffusivity coefficient. Since only 
the first two terms in the parentheses contribute to the final 
linearized equation governing the cation redistribution 
[Nemat-Nasser and Li, 2000; and Nemat-Nasser and 
Thomas, 2001], the two approaches lead to the same results 
under the stated assumptions in the present case. 
 The variation of the electric potential field, 

( , ),x tϕ ϕ=  in the membrane is governed by the basic 
electrostatics equations, 

( ) , ,

,

D C C F D E
x

E
x

κ

ϕ

+ −∂
= − =

∂
∂

= −
∂

 (47) 
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where D, E, and κ  are the electric displacement, electric 
field, and the electric permittivity, respectively.  These are 
all functions of both x and t.  Combining (46) to (47) and 
neglecting small terms [Nemat-Nasser and Li, 2000; and 
Nemat-Nasser and Thomas, 2001], we obtain 

2 2

2
( ) ( ) ( ) 0.E E C FD E

x t RTx
κ κ κ

κ

−
+

⎡ ⎤⎛ ⎞∂ ∂ ∂
− − =⎢ ⎥⎜ ⎟⎜ ⎟∂ ∂ ∂⎢ ⎥⎝ ⎠⎣ ⎦

 (48) 

This equation provides a natural length scale, , and a 
natural time scale, τ , which characterize the length of the 
boundary layers and the relative speed of cation 
redistribution.  These are, 

1/ 2 2

2 , ,RT
C F D
κ τ
− +

⎛ ⎞= =⎜ ⎟
⎝ ⎠

 (49)  

where κ  is the overall electric permittivity of the hydrated 
IPMC strip, which can be estimated from its measured 
capacitance3. Therefore,  can be estimated directly from 
(49)1, whereas the estimate of τ  will require an  estimate 
for D+.  It turns out that the capacitance of the Nafion-based 
IPMCs (about 200 to 225 micron thick) that have been 
examined in my laboratories, ranges from 1 to 60 mF/cm2, 
depending on the sample and the cation form.  This 
suggests that  may be 0.5 to 6 ,mµ for the Nafion-based 

IPMCs.  Thus, 2 is of the order of 1210− m2, and for the 
relaxation time τ  to be of the order of seconds, D+ must be 
of the order of 1210− m2/s.  Our most recent experimental 
results (Nemat-Nasser and Wu, 2002) suggest this to be the 
case.  Indeed, direct measurement of current flow through 
Nafion-based IPMC strips under a constant voltage shows 

(1)Oτ = s in an aqueous environment. 

Since  is linear in κ  and κ  is proportional to 
the capacitance, it follows that  is proportional to the 
square root of the capacitance.  
 
Equilibrium Ion Distribution: To calculate the ion 
redistribution caused by the application of a step voltage 
across the faces of a hydrated strip of IPMC, we first 
examine the time-independent equilibrium case with J+= 0.  
Here we seek to include the asymmetry in the cation 
distribution that has been neglected in the calculation of 
Nemat-Nasser and Li (2000)4, arriving at more realistic 

                                                           
3 If Cap is the measured overall capacitance, then we set 2 .H Capκ =  
4 In a recent report, (Yu Xiao and Bhattacharya, K., “Modeling 
electromechanical properties of ionic polymers,” Proceedings of SPIE, 
Electroactive Polymer Actuators and Devices, v.4329, 2001,p.292-300), 
the effects of the nonlinear terms of the equations given by Nemat-Nasser 
and Li (2000) have been examined, without including the capacitive nature 
of the IPMC.  This produced extremely small values for the length scale, 
denoted by  in the present work.  In their parametric simulations, 
however, the authors use large values for this length scale and set 

estimates.  To this end, we note that in the cation-depleted 
(anode) boundary layer the charge density is constant, given 
by ,C F−−  whereas in the remaining part of the membrane 

the charge density is given by ( ) .C C F+ −−  Let the 
thickness of the cation-depleted zone with constant charge 
density of C F−−  be denoted by ′ .  The electric field in 
the zone ,h x h ′− ≤ ≤ − +  is then given by 

(1)
0( ) ( ) ,x E x C F x Eκ −= − +  (50) 

where 0E  is an integration constant.  To simplify the 
analysis, we replace ( )= xκ κ  by its constant effective 
valueκ , and from (50) and (47)3 obtain 

2
(1)

0 0 0
1( ) , ,x C F RTE x K E K

Fκ

−⎛ ⎞= − + = =⎜ ⎟
⎝ ⎠

 

2
(1)

0 0 0( ) ,x xx K E Aϕ ⎛ ⎞= − +⎜ ⎟
⎝ ⎠

 (51)  

where  E0 and A0, as well as ′  are constants to be 
computed from the boundary and continuity conditions, 
discussed in the sequel. Solution (51) is considered to hold 
in the region .h x h ′− ≤ ≤ − +  In the remaining region 
along the thickness, i.e., in ,h x h′− + < ≤  we integrate the 
basic equation 

2

2 2
1 0,E E

x
∂

− =
∂

 (52) 

to arrive at 

( )(2)
0 1

(2)
0 1 2

1( ) exp( / ) exp( / ) ,

( ) exp( / ) exp( / ) ,

E x B x B x

x B x B x Bϕ

= + −

= − + − +
 

( )0 1
( ) exp( / ) exp( / ) ,C x C F B x B x

RTC

+ −

−
−

= − −  (53) 

where B0, B1, and B2 are the integration constants. These 
and the other constants are calculated from the following 
continuity, boundary, and the overall charge-balance 
conditions: 

                                                                                                 
0 /( )F RTφ (which is about 39 for 0 1φ = V) equal to 1, rendering the results 

inappropriate for comparison with experimental data.   
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(1) (2)

(1) (2)

(1)
0

(2)
0

( ) 0, ,

( ) ( ),

( ) ( ),

( ) / 2,

( ) / 2,

( ) 0.
h

h

C h h h

E h E h

h h

h

h

C C dx

ϕ ϕ

ϕ φ

ϕ φ

+

+ −

−

′ ′ ′− = = −

′ ′− = −

′ ′− = −

− =

= −

− =∫

 (54) 

Since  is only 0.5 to 3 microns, the resulting system of 
equations can be solved explicitly by noting that 
( / , / ) 1,a h a h′ ′≡ ≡ >>  and hence exp( ) 0a− ≈  and 
exp( ) 0.a′− ≈  The final results are 

0
0 0 0 0

0
1 0

2
0

2 0

(1 ), 1 2 ,
2

2
exp( ), 2,

1 1 1 ,
2 2

E K a A K a

F
B K a

RT

B K

φ

φ

φ

′⎛ ⎞′= − = − + −⎜ ⎟
⎝ ⎠

′
′= − = −

⎛ ⎞′⎛ ⎞⎜ ⎟= − + +⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

 

( )0 0 1 2exp( ) / 2 exp( ) .B a B a Bφ= − + − +  (55) 

Constants A0, E0, and B2 are finite, being of the order of 10, 
1, and 0.1, respectively.  On the other hand, constants B0 
and B1 are very small, being of the order of 10-17 or even 
smaller, depending on the value of the capacitance. 
Therefore, the approximation used to arrive at (55) does not 
compromise the accuracy of the results.  Numerical 
evaluation supports this conclusion.    
 
 
Length of Boundary Layers: Remarkably, the estimated 
length of the anode boundary layer with constant negative 
charge density of C F−− , i.e., ( )02 / 2 ,F RTφ′ = −  

depends only on the applied potential and the characteristic 
length .  For 0 1φ = V, for example, 6.8 .′ ≈  Since  is 
proportional to the square root of ,κ and κ is proportional 
to the IPMC’s capacitance, it follows that ′  varies as the 
square root of the capacitance.  It will be shown below that 
the tip displacement of a cantilevered strip of an IPMC is a 
monotonically increasing function of  and hence varies 
(increases linearly) monotonically with the square root of 
the capacitance.  This fact underpins the significance of 
developing optimal electrode morphology to maximize the 
resulting capacitance in order to achieve greater actuation. 

We use  as our length scale.  Then, for a fixed 
value of the magnitude of an applied step potential, 0,φ  we 
observe from (51), (53), and (55) that the equilibrium 

distribution of the resulting internal potential and the 
cations, depends on /a h=  only.  Figure 8 illustrates the 
final equilibrium variation of the normalized charge 
density, ( ) / ,C C C+ − −−  through the thickness of an IPMC 
with 50a = and 0 1φ = V.  As is seen, over the most central 
part of the membrane, there is charge neutrality within all 
clusters, and the charge imbalance in clusters occurs only 
over narrow boundary layers, with the anode boundary 
layer being thicker than the cathode boundary layer.  It 
should be emphasized that equilibrium requires electric 
neutrality everywhere in the IPMC strip, even within its 
electrode regions, and that the charge imbalance in the 
clusters is actually balanced by the corresponding electrode 
charges.  Therefore, the charge imbalance calculated above 
applies to the clusters within each boundary layer and not to 
the boundary layer itself, i.e., not to the combined clusters 
and the charged metal particles within the boundary layers.   
 
 
Temporal Variation of Charge Distribution:  We now 
examine the time variation of the charge distribution that 
results upon the application of a step voltage and leads to 
the equilibrium solution given above.  To this end, consider 
equation (48), and rewrite it as 

2

2 2
( ) ( ) 1 ( ) 0,E ED E

x t x
κ κ κ+

⎡ ⎤⎛ ⎞∂ ∂ ∂
− − =⎢ ⎥⎜ ⎟⎜ ⎟∂ ∂ ∂⎢ ⎥⎝ ⎠⎣ ⎦

 (56) 

where only in the expression for 2  have we approximated 
the variable electric permittivity, κ  by its average effective 
value, .κ   In view of (47) and if C− is assumed to remain 
constant5, then (56) becomes 

2

2 2 0, 1.Q Q Q C CD Q
t x C

+ −
+

−

⎛ ⎞∂ ∂ −
− − = = ≥ −⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠

 (57) 

 
Now set 0 ( ) ( , )lim

t
Q x Q x t

→∞
=  and note that 

                                                           
5 Since the distribution of the volume fraction of water through the 
thickness changes with cation redistribution, C− does not remain constant, 
as pointed out by  Nemat-Nasser and Thomas (2001, page 171, equation 
27).  Indeed, since (1 )w C −+  is constant, being the anion charge density 

per unit volume of the dry membrane, we have ,
1

C C F wF
x w x

− −∂ ∂
= −

∂ + ∂
 

which must be added to the expression inside the parentheses in (56).  
Furthermore, the gradient of w is proportional to the net charge distribution 

and is given by 1
0 0

ln(1 ) ( )[1 ( )] ,w C CA C C A
x x

+ −
+ − −∂ + ∂ −

= − −
∂ ∂

 

where 6
0 18 10 .A SN−= ×   Thus, the contribution to (56) due to the 

dependence of C − on w is viewed to be small and has been neglected in 
the present analysis.  
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0 0 1

1

( ) [ exp( / ) exp( / )]

.

for x h
FQ x B x B x

RT
for h x h

′− ≤ − +⎧
⎪⎪≡ − −⎨
⎪

′− + < <⎪⎩

…

…

 

 

 
Figure 8. Variation of the normalized charge density, 
( ) / ,C C C+ − −−  through the thickness of an IPMC with 

50a =  and 0 1φ = V 
 

 (58) 

Then, the solution of (57) can be expressed by 
0( , ) exp( / ) ( ),Q x t t Q xψ τ= − +  where ( , )x tψ  is now 

defined by the following diffusion equation and initial 
condition: 

2

02 , ( ,0) ( ),D x Q x
t x

+∂ ∂
= = −

∂ ∂
ψ ψ ψ  (59) 

subject to zero cation flux in and out of the membrane at its 
boundary surfaces, i.e., ( , ) 0.J h t+ ± =  The solution can be 
expressed in Fourier series by  

2 2

1

0
1

[ cos( / ) sin( / )]exp{ /( )},

[ cos( / ) sin( / )] ( ),

n n n n n
n

n n n n
n

a z x h b z x h z t a

a z x h b z x h Q x

ψ τ
∞

=

∞

=

= + −∑

+ =∑

 (60) 

where , 1,2,3, ,nz n = … is of the order of n, and the Fourier 
coefficients are obtained from (60)2 in the usual manner.  
Since these coefficients quickly diminish with increasing n, 
and since / 50,a h= ≈  we conclude that 

0( , ) ( ) ( ), ( ) 1 exp( / ).Q x t g t Q x g t t≈ = − − τ  (61)   

Thus, the spatial variation of the charge distribution can be 
separately analyzed and then modified to include the 
temporal effects.  
 

4.3 Fast Actuation, Slow Reverse Relaxation 

 
With the cation distribution given by (58) and (61), the 
pressure within the clusters of each boundary layer is now 
computed, and from this the resulting volumetric changes 
within the boundary layers are obtained, as follows.   
 
Anode Boundary Layer: Consider first the anode boundary 
layer, and note from 

0

0 ( )
h

Q x dx
′−

=∫  (62) 

that the  effective total length of the anode boundary layer, 
,AL  can be taken as 

02 1 .A
FL

RT
φ⎛ ⎞

′≡ + = −⎜ ⎟⎜ ⎟
⎝ ⎠

 (63) 

To simplify calculation, consider a constant equilibrium 
charge density of 0 ( ) 1,Q x = −  in ,Ah x h L− ≤ < − +  and 
zero for the remaining zone, 0.Ah L x− + ≤ <  Hence, 
identify the anode boundary layer by the zone 

Ah x h L− ≤ < − + and obtain exp( / )C C t+ −= − τ in this 
layer.  The total ion (cation and anion) concentration within 
this layer now is given by [2 ( )].C C C g t− + −+ = −  Thus, 
the osmotic pressure in the clusters within the anode 
boundary layer is given by equation (13) with 

1 exp( / ) 2 ( ),t g tν τ= + − = −  

0( ) [2 ( )],
( )

B
A

A

Q Kt g t
w t

−

= −
φΠ  (64) 

where BQ−  and K0 are defined in (15) and (17), respectively. 
As the cations of the anode boundary layer are 

depleted, electrostatic interaction forces develop among the 
fixed anions, introducing additional pressure, say, pAA, 
within the cluster, while at the same time, the dipole-dipole 
interaction forces, pADD, are being diminished.  The two 
effects are coupled, since the cation distribution within a 
cluster would depend on its concentration.  We simplify the 
required analysis and assume the two effects are uncoupled. 

To calculate pAA as a function of time, consider an 
elementary surface of a spherical cluster with uniformly 
distributed surface charge q given by (15), calculate the 
Coulomb interaction forces, and then multiply the result by   

( ),g t  to obtain,  
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22 2
2

22 0
4/ 3

( ) ( )( )
2 ( ) 18 ( ) [ ( )]

( ) ,
18 ( ) [ ( )]

A
AA B

A A A

B
A A

aq g t g tp t Q
t t w t

Rg t Q
t w t

κ κ

κ

−

−

= =

≈

 (65) 

where ( )A A tκ κ=  is the effective electric permittivity of 
the cluster, Aa  is the radius of the cluster at water uptake 

( ),A Aw w t= 0R is the initial (dry) cluster size, and the 
subscript A refers to the anode boundary layer; all other 
parameters are as defined before.  The corresponding pADD  
(the subscript A denotes the anode boundary layer) is 
estimated from (16) using the cation concentration in each 
cluster, 

2
2

2

1 ( ) [ ( )]( ) .
3 ( ) [ ( )]

A
ADD B

A A

g t tp t Q
t w t

−− ±
=

α
κ

 (66) 

The total pressure within a typical cluster in the anode 
boundary layer hence is  

( , ) ( ) ( ).A A AA ADDp M t p t p tΠ += + +  (67) 

Based on the ion concentration in clusters within the anode 
boundary layer, the effective electric permittivity Aκ  
becomes, for 0,wAm CN− ≥  

0
7 6 6 , ,
7 6

( )( ) ,
18[2 ( )]

A wA
A A

A wA

ion A
wA

B

f m CNf
f m
EW w tm t

g t

+ −
= =

−

=
−

κ κ

ρ

 (68) 

where ( )wAm t  is the total mole water per mole ion, and 
( )Af t is the fraction of free water molecules within a cluster 

in the anode boundary layer.  If 0,wAm CN− <  then we set 

06 .Aκ κ=  
 Pressure ( )Ap t is resisted by the elastic stress, 

4/ 3
0 0 0( , ) ( ) ( )( ( ) / ) ,r Aa t p t K t w t wσ −= − +  in the matrix 

polymer, and balance is attained once equilibrium is 
achieved. This resistive stress is given by (10)1, where for 
the stiffness ( )K t  and pressure 0 ( ),p t  we use expressions 
(21) associated with the bare polymer at the corresponding 
hydration, wA.  The resulting effective pressure acting on 
the water within the anode boundary layer is thus given by 

0( ) ( , ) ( ).A r At t a t p tσ= − +  (69) 

This stress is not zero during the cation redistribution.  The 
result is water diffusion into or out of the anode boundary 
layer depending on whether ( )At t  is less than or greater 
than the effective pressure Rp  of the surrounding bath 

water.  The water exchange can be computed using the 
diffusion equation and the initial and boundary conditions.   
However, since the boundary layer is rather thin, we may 
simplify the necessary calculations by assuming uniform wA 
and tA in the boundary layer.  Then the differential equation 
(42)1 can be replaced by the following difference equation: 

0,
1 ( / 2)

A A R

A A

w v v
w L

−
+ =

+
 (70) 

where the velocity vR = 0 when the IPMC strip is actuated 
while submerged in a large bath of pure water, and the 
velocity vA can be assumed to be linearly related to the 
differential pressure, 

2
,

( / 2)
A R

A H O
A

t pv D
L
−

=  (71) 

where 
2H OD  is the hydraulic permeability coefficient. With 

this approximation, and setting the reference pressure Rp  
equal to zero, we obtain 

2 2 .
1 ( / 2)

A A
H O A A

A A

w tD D t
w L

= =
+

 (72) 

Note that coefficient AD  here includes the effect of the 
thickness of the boundary layer.  We assume that AD is 
constant. 
 
Cathode Boundary Layer: Consider now the clusters 
within the cathode boundary layer.  Unlike the anode 
boundary layer, the ion concentration in the cathode 
boundary layer is sharply variable and, in view of (53)3, it 
may be expressed by the parameter 

 0

0

( , ) 2 ( , )

2 exp( / ) ( ).

C x t Q x t
B x g t
K

= +

= +

ν
 (73) 

The osmotic pressure in the clusters within the cathode 
boundary layer is now obtained by setting ( , )C x tν ν=  in 
expression (13), arriving at 

0( , )
( , ) ,

( , )
C B

C
C

x t Q K
x t

w x t
ν φ

Π
−

=  (74) 

where ( , )Cw x t  is the volume fraction of water in the 
cathode boundary layer, depending on both x and t.   

In the cathode boundary layer there are two forms 
of electrostatic interaction forces.  One is repulsion due to 
the cation-anion pseudo-dipoles already present in the 
clusters, and the other is due to the extra cations that 
migrate into the clusters and interact with the existing 
pseudo-dipoles.  The additional stresses produced by this 
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latter effect may tend to expand or contract the clusters, 
depending on the distribution of cations relative to the fixed 
anions. We again model each effect separately, although in 
actuality they are coupled.  The dipole-dipole interaction 
pressure in the clusters is estimated using (16), as follows: 

2 2

2
[ ( , )]( , ) [1 ( )],

3 ( , ) [ ( , )]
B C

CDD
C C

Q x tp x t g t
x t w x t

− ±
= −

α
κ

 (75) 

where the subscript C denotes the corresponding quantity in 
the cathode boundary layer;  ( , )C x tα  is the dipole arm that 
can evolve in time, as the cations reconfigure under the 
action of the strong sulfonates (but not necessarily under 
the action of the weak carboxylates).  We represent the 
interaction between the pre-existing dipoles and the 
additional cations that move into a cluster under the action 
of an applied voltage, by dipole-cation interaction stresses 
defined by, 

2

2

2
0

5/ 3

2 ( , ) ( , )( , ) ( )
9 ( , ) [ ( , )]

2 ( , ) ( ).
9 ( , ) [ ( , )]

B C C
DC

C C

B C

C C

Q a x t x tp x t g t
x t w x t

Q R x t g t
x t w x t

−

−

=

≈

α
κ

α
κ

 (76) 

This equation is obtained by placing the extra cations at the 
center of a sphere of (current) radius ( , )Ca x t , which 
contains uniformly distributed radial dipoles of moment 
arm ( , )C x tα  on its surface, and then multiplying the result 
by ( ) 1 exp( / ).g t t τ= − −      

For sulfonates in a Nafion-based IPMC, we expect 
extensive restructuring and redistribution of the extra 
cations.  It appears that this process underpins the observed 
reverse relaxation of the Nafion-based IPMC strip.  Indeed, 
this redistribution of the cations within the clusters in the 
cathode boundary layer may quickly diminish the value of 

CDp  to zero or even render it negative.  To represent this, 
we modify (76) by a relaxation factor, and write 

2
0

15/ 3

1 0 0 1 0

2 ( , )( , ) ( ) ( ),
9 ( , ) [ ( , )]

( ) [ (1 )exp( / )], 1,

B C
DC

C C

Q R x tp x t g t g t
x t w x t

g t r r t r

−

≈

= + − − <

α
κ

τ

 (77) 

where 1τ  is the relaxation time, and 0r  is the equilibrium 
fraction of the dipole-cation interaction forces.  

The total stress in clusters within the cathode 
boundary layer is now approximated by 

0( , ) ( , ) ( , ) ( , ).C r C CDD DCt a t x t p x t p x tσ Π= − + + +  (78) 

Expression (58) and Figure 8 reveal an exponential 
variation of cation distribution in a very thin cathode layer.  
We use a linear diffusion model to relate the water flux 

(diffusion water velocity), ,Cv  to the driving pressure 
gradient / ,Ct x∂ ∂  

2
.C

C H O
tv D
x

∂
= −

∂
 (79) 

Hence, in view of the continuity condition (42)1, the rate of 
change of water uptake in the cathode boundary layer is 
governed by the diffusion equation, 

2

2

2 ,
1

C C
H O

C

w tD
w x

∂
=

+ ∂
 (80) 

subject to the boundary and initial conditions 

0

0

( , ) 0, (0, ) , 0,
( ,0) , 0 ,

C R C

C

t h t p w t w t
w x w x h

= = = >
= < <

 (81) 

where 0w is the uniform water uptake just prior to the cation 
redistribution. 

Even with the linear flux-force relation, this is a 
highly nonlinear initial-boundary value problem, since the 
dependence of the driving force, ( , ),Ct x t  on wC is 
nonlinear and complex.  Thus, a complete solution would 
require a numerical approach. Since our basic aim is to 
reveal the essential micro-mechanisms of the actuation, we 
take advantage of the thinness of the cathode boundary 
layer to simplify this problem.  Therefore, we again replace 
the spatial gradients by the corresponding difference 
expression, and solve for an average value of the water 
uptake in the boundary layer. 
 Because of the overall charge neutrality, the total 
added cations in the cathode boundary layer satisfies 

0

( , ) ( ).
h

AQ x t dx L g t=∫  (82) 

Let LC denote the effective length of an equivalent cathode 
boundary layer with uniform cation distribution, calculate 
this length by locating the centroid of the cation distribution 
from the origin, and then set 

0
0

12 ( ) .
h

C
A

L h xQ x dx
L

⎛ ⎞
⎜ ⎟= −
⎜ ⎟
⎝ ⎠

∫  (83) 

The average ion density (mol/m3 of hydrated membrane) in 
this layer is given by 

2 ( ) .A
C

C

LC g t C
L

− −⎛ ⎞
= +⎜ ⎟
⎝ ⎠

ν  (84) 

To calculate the osmotic pressure term in (78), we use the 
average value, 
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( ) 2 ( ).A
C

C

Lt g t
L

= +ν  (85) 

For this equivalent cathode boundary layer with uniform ion 
and water distribution, we now follow the same argument 
that led to (72), use the average (spatially constant) values 
of ion concentration ( ),C tν  given by (85), and water 

( ),Cw t  in equations (74) to (78), and obtain 

,
1

C
C C

C

w D t
w

=
+

 (86) 

where  
 

0( ) ( , ) ( ) ( ) ( ),C r C CDD DCt t a t t p t p t= − + + +σ Π  (87) 

where the barred quantities denote the average values. 
Since the thickness of the anode and that of the equivalent 
cathode boundary layer is not the same, we expect 

2

.A
C A

C

LD D
L

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

 (88) 

Tip Displacement: The tip displacement of the cantilever 
may now be calculated incrementally, using equation (40).  
For the equivalent uniform boundary layers, the integral in 
the right-hand side of this equation can be computed in 
closed form, yielding 

2 ,
(3 2 ) 1 14

BL A A C C

IPMC B A C

u Y hL w L w L
L Y Y w H w HH

⎛ ⎞
= −⎜ ⎟− + +⎝ ⎠

 (89) 

where we have neglected terms of the order of 2( / ) .AO L H  
Combining this with equations (72), (85), and (88), we now 
have 

3 ,
(3 2 ) 4

BL A A
A A C

IPMC B C

u Y hLL LD t t
L Y Y LH

⎛ ⎞
= −⎜ ⎟− ⎝ ⎠

 (90) 

where  tA  and Ct  are given by (69) and (87), respectively.  
This equation may now be integrated incrementally. 

4.4 Response upon Shorting 
When an applied constant potential is maintained on the 
cantilevered strip, the strip relaxes into a final equilibrium 
state.  If during this relaxation phase, the two faces of the 
strip are suddenly shorted, some cations move into the 
cation depleted clusters of the anode boundary layer, while 
some (but not necessarily all) of the extra cations in the 
clusters of the cathode boundary layer move into the 
interior of the polymer. Over time, a uniform cation 
distribution may eventually be attained, but in the short run 
the discharge is seldom complete.  With the initial condition 

known at the instant of shorting, say, at ,st T=  and using 
the same relaxation time of τ  for the discharge, we set 

0( , ) ( )[ ( ) (1 ) ( )],sQ x t Q x g t r g t T= − − −  (91) 

for ,st T≥  where r is the fraction of ions that do not 
discharge in the short run.  Based on this, the cluster 
pressure can be estimated.  We examine the anode and 
cathode boundary layers, separately, as follows. 
 In the anode boundary layer, we have, for ,st T≥  

0( ) [2 ( ) (1 ) ( )],
( )

B
A s

A

Q Kt g t r g t T
w t

−

= − + − −
φΠ  (92) 

 
 

2 2
0

4 / 3( ) [ ( ) (1 ) ( )],
18 ( )[ ( )]

B
AA s

A A

Q Rp t g t r g t T
t w t

−

≈ − − −
κ

 (93) 

22

2

[ ( )]( ) [1 ( ) (1 ) ( )].
3 ( )[ ( )]

A B
ADD s

A A

t Qp t g t r g t T
t w t

−±
= − + − −

α
κ

 (94) 

In addition, (68)3 is modified to read 

( )( ) .
18[2 ( ) (1 ) ( )]

ion A
wA

s B

EW w tm t
g t r g t T

=
− + − − ρ

 (95) 

These equations are obtained by simply assuming that the 
discharge is the reverse of the charging process, although in 
reality the various involved processes are coupled. 
 In the cathode boundary layer, we have, for ,st T≥  

0( ) {2 [ ( ) (1 ) ( )]},
( )

B A
C s

A C

Q K Lt g t r g t T
w t L

−

= + − − −
φΠ  (96) 

22

2
[ ( )]( ) [1 ( ) (1 ) ( )],

3 ( )[ ( )]
A B

CDD s
C C

t Qp t g t r g t T
t w t

−±
≈ − + − −

α
κ

(97) 

2
0

15/3
( )2( ) [1 ( )] ( ).

9 ( ) [ ( )]
CB

DC s
C C

R tQp t g t T g t
t w t

α
κ

−

≈ − −  (98) 

In addition, we use 
( )( )

18{2 ( / )[ ( ) (1 ) ( )]}
ion C

wC
A C s B

EW w tm t
L L g t r g t T

=
+ − − − ρ

 (99) 

to estimate mole water per mole ion in the cathode 
boundary layer. 

4.5 Illustrative Example 
To illustrate how the model may capture the essential 
features of actuation of IPMCs, we now consider a 
cantilevered strip of the Nafion-based IPMC in the Li+-
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form, for which we have examined the Young’s modulus as 
a function of the hydration in Figure 5.  We apply 1V 
potential across its faces, maintain this for 31 seconds, and 
then short the two faces.  We seek to predict the resulting 
actuation, based on the proposed model. 
 
Initial Data: The gauge length of the strip is about 18 mm, 
and its initial hydration is 0.50IPMCw = .  Hence, the initial 
volume fraction of water in the Nafion part of the IPMC is 
calculated, yielding 0 /(1 ) 0.533.IPMC Mw w f= − =  From (1) 
the equivalent weight for the bare Nafion (and not the 
IPMC) is obtained to be LiEW + =1,106 g/mol.  The initial 

value of C− for the bare Nafion is then given by 

6

0
10 1,185

(1 )
B

Li

C
EW w

ρ
+

− = =
+

mol/m3. 

The thickness of the hydrated strip is measured to be 
2 224 ,H mµ=  and based on inspection of the 
microstructure of the electrodes (Figure 2), we estimate 
2 212 .h m≈ µ  The effective length of the anode boundary 
layer is given by (63). For 0 1=φ V, we have 7.80 .AL =  
The thickness of the equivalent uniform cathode boundary 
layer is calculated from (83), obtaining 3.58 .CL =   The 
electric permittivity and the dipole length are the same as 
before, with the same values of the parameters that have 
been obtained in the modeling of the Young’s modulus. The 
measured capacitance ranges from 1 to 30 mF/cm2. 
 
Model Parameters: The model parameters that must now 
be estimated are DA, R0, ,τ  and SN, as well as 0r  and 1τ  in 
the relaxation function 1( ).g t   We set SN = 0.  This is in 
line with the observation that the cations continue to move 
into the cathode boundary layer long after the back 
relaxation has started.  
 It turns out that R0 must be calculated with some 
care.  Since 3

0 0( / ) ,w a R≈  where a is the cluster size at 

water uptake w0, we set 1/ 3
0 0 ,R w a−≈ and adjust a to fit the 

experimental data; here, we set a = 1.60 nm, or an average 
cluster size of 3.2 nm, prior to the application of the 
potential.  The two relaxation times are set at 1/ 4sτ = and 

1 4 ,sτ =  respectively, and 0 0.6.r =  

We set 21.0 10AD −= × when pressure is measured 
in MPa. This is somewhat arbitrary and is chosen to yield 
reasonable results.  Larger values of this parameter produce 
sharper rise and decay in the tip displacement.  Finally we 
choose a low value for the capacitance, namely 1.2 mF/cm2, 
since this value seems to give results in accord with the 
experimental data, as shown in Figure 9.  With this value 
for the capacitance, the overall effective electric 
permittivity of the hydrated IPMC becomes, 

32.69 10κ −= × F/m. Then equation (49)1 gives, 
0.779 .mµ=  

 

 
 
Figure 9.  Tip displacement of a 18 mm cantilevered strip of a 
Nafion-based IPMC in Li+-form, subjected to 1 V step 
potential for about 30 seconds, then shorted; the heavy solid 
curve is model and the geometric symbols connected by light 
dotted curve are experimental points 
 
It is important to note that while the values of the 
parameters that are used are reasonable, they have been 
chosen to give good comparison with specific experimental 
data.  These data are from one test only.  The variation of 
the response from sample to sample (or even for the same 
sample tested at various times) is often so great that only a 
qualitative correspondence between the theoretical 
predictions and the experimental result can in general be 
expected, or reasonably required.  In examining the 
influence of various competing factors, it has become clear 
that the electrostatic forces are most dominant, as has also 
been observed by Nemat-Nasser and Li (2000) using a 
different approach.  Although the osmotic effects are also 
relevant, they have less impact in defining the initial 
actuation and subsequent relaxation of the Nafion-based 
IPMCs.  The formulation presented in this paper gives 
detailed structure to each competing factor, and suggests a 
path for further parametric and experimental studies. 
 
 
 

5. CONCLUSIONS 
 
• For a given ionomer (Nafion or Flemion), the 

morphology of the electrodes and the nature of the 
neutralizing cations are the most important parameters 
affecting the actuation of a fully hydrated IPMC.   

• To maximize the tip displacement of a cantilevered 
strip with its bending stiffness held fixed, it is 
necessary to maximize the capacitance and surface 
conductivity of the IPMC. 

• Once an electric potential is applied across the faces of 
the cantilever, two thin boundary layers begin to form 
near the surface within the IPMC, one near the anode 
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and the other near the cathode. Recent direct 
measurements (Nemat-Nasser and Wu, 2002) have 
revealed continued cation depletion from the anode and 
accumulation into the cathode boundary layers long 
past the initial fast motion and way into the period of 
back relaxation of the cantilever. At equilibrium, the 
anode boundary layer is depleted of its cations while 
the cathode boundary layer is rich with additional 
cations.      

• The effective (equilibrium) length of the anode 
boundary layer is given by 

0
2

2 21 ,A
F HCapRTL

RT C F−
⎛ ⎞

= − =⎜ ⎟⎜ ⎟
⎝ ⎠

φ , 

where 0φ  is the applied potential and Cap is the 
capacitance (other parameters are defined in the text). 

• The extra cations within the cathode boundary layer are 
given by 

0

( ) ,
h

AC C dx L C+ − −− =∫  

which is proportional to .  
• The internal forces created within the anode and 

cathode boundary layers by the resulting ion 
redistribution, increase with increasing LA and hence 
with increasing .Cap  

• For a fully hydrated IPMC membrane, the equilibrium 
distribution of the cations and the internal potential that 
develops under the action of an applied step potential 
of magnitude 0,φ  depend on /a h=  and 0φ  only. 

• The model must be modified for application to IPMCs 
that are neutralized by large hydrophobic organic 
cations such as TBA. 

• The variation of the response from sample to sample 
(or even for the same sample tested at various times) is 
often so great that only a qualitative correspondence 
between the theoretical predictions and the 
experimental result can in general be expected, or 
reasonably required. 

 
I hope that the micro-mechanical model presented in this 
work would provide a tool to identify important parameters 
that can be used to optimize the response of IPMCs through 
improved processing techniques.   
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