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ABSTRACT 
The results of a systematic study of the viscoelastic properties of polyurea over broad ranges of strain rates, 
temperatures, and pressures are presented. Based on the experimental data and a master curve developed by 
Knauss [1] we have produced a model for large-deformation viscoelastic response of this elastomer.  High strain-
rate data are obtained using Hopkinson bar experiments. We show that the inclusion of pressure sensitivity into 
the model successfully reproduces the experimental results.  We also present an equivalent simplified model that 
involves a finite number of internal state variables tailored for implementation into explicit finite-element codes.  
The model incorporates the classical Williams-Landel-Ferry (WLF) time-temperature transformation [2] and 
pressure sensitivity, in addition to a thermodynamically sound dissipation mechanism.  Finally we show that using 
this model for the shear behavior of polyurea along with the elastic bulk response, one can successfully 
reproduce the very high strain rate pressure-shear experimental results recently reported by Clifton and Jiao [3]. 

Constitutive model 
We have developed a complete model for the response of polyurea under a wide range of strain-rate, 
temperature, and pressure. Most polymers have substantially different behavior under shearing and volumetric 
deformations. In this case, shear deformation is modeled by a temperature- and pressure-dependent viscoelastic 
relaxation modulus. The volumetric response is also temperature-sensitive but is modeled as nonlinearly elastic. 
Here we summarize this model; for more detail see [4]. 

Based on WLF time-temperature superposition principle, the shear relaxation curve of a polymer can be 
represented for any temperature in the range KTTT gg 100 , as, 
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Here gT  is the glass transition temperature, ),( TtG  is the relaxation modulus at temperature ,T refT  is a 

reference temperature usually taken to be KTg 50 , and ),( PTa  is the ratio of the relaxation time-scale at 

temperature T  and pressure P  to that at the reference conditions, refT  and zero pressure: 
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Tref(K) A B(K) Ctp(K/GPa) CV(J/mm3/K) CTE(/K) m(GPa/K) n ref (GPa) G (GPa) 
273 -10 107.54 7.2 1.977 10-3 2 10-4 -0.015 4 4.948 0.0224 

p1 p2 p3 p4 q1(ms) q2(ms) q3(ms) q4(ms) 
0.8458 1.686 3.594 4.342 463.4 0.06407 1.163 10-4 7.321 10-7

Table 1. Constitutive parameters of polyurea used in numerical modeling. All parameters except for the heat 
capacity CV and the coefficient of thermal expansion CTE are defined in the text. 
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Here A  and B  are material properties, and T  is the effective temperature that depends linearly on pressure,  
.PCTT tp
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The master curve can be approximated by a Prony series with any number of terms,  
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The time integrals needed for the stress calculation can then be evaluated at each time step using a finite number 
of appropriate internal state variables. Otherwise, one would need to integrate the complete deformation history at 
each time step increment, which would render numerical calculations prohibitively resource consuming. 
Furthermore the dissipated power is also calculated using the same state variables, 
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Here dW is the dissipated work and ti
d is the i-th internal variable. The pressure is calculated from the 

volumetric deformation, 
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where J  is the Jacobian of the deformation, and  is a temperature dependent bulk modulus,  
).()()( refref TTmTT (7)

Split Hopkinson-bar experiments 
We have performed a series of split-Hopkinson bar experiments on polyurea under various conditions. To verify 
the model discussed above, a selected set of these experiments is used here. The tests presented here were all 
performed at an effective engineering strain rate of 3000±400/s. The summary of the experimental parameters is 
given in Table 2. All 4 tests are performed using a 12.7mm split-Hopkinson bar (maraging steel bars). For the 
confined tests, the sample is fitted inside a steel cylindrical tube of 17.8mm OD and 26mm length. The Cauchy 
stress must be estimated for the unconfined test since the diameter of the sample changes with increasing axial 
load. Since under the low pressures observed in the unconfined tests, polyurea is nearly incompressible, we 
calculated the diameter and the Cauchy stress assuming isochoric deformation. The resulting loading stress-
strain curves are shown in Figure 1. From the initial part of the unloading curves, one observes that, for the 
confined tests, the unloading follows essentially the same stress-strain path as that of the loading.  In the 
unconfined case, however, the stress is released faster than the accumulated strain. This strain is not permanent 
though and, in all cases, the sample regained its initial length after the test was completed.  

FEM modeling of a pressure-shear test 
The constitutive model has been used to simulate one of the pressure-shear tests performed at Brown University 
and documented in [3]. A steel flyer plate (Tflyer= 6.991mm) impacts at velocity V0=112.6m/s a sandwich structure 
that consists of a front steel plate (Tfront= 2.896mm), a thin layer of elastomer (Telastomer= 0.11mm), and a rear steel 
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plate (Trear= 7.041mm). All of the plates are aligned at a =18° angle with respect to the velocity direction and 
have diameter D = 60mm; see Figure 2. Upon impact, elastic waves are created that travel normal to the surface 
of the impact. These are: a longitudinal compression wave (high velocity) and a shear wave (low velocity). The 
impact parameters are set such that the steel plates remain elastic. The longitudinal pressure wave reaches the 
elastomer layer first and loads it to a maximum stress after a few reverberations. Both normal and transverse 
particle velocities are measured on the back surface of the rear plate using optical methods. 

Name Confinement Diameter (mm) Length(mm) Effective Strain Rate (/s) Temperature (K)
UC No 6.17 1.78 3400 294 
CL Yes 12.7 5.08 2600 273 
CR Yes 12.7 5.08 2800 294 
CH Yes 12.7 5.08 2800 333 

Table 2. Hopkinson-bar experiments setup.  

The center of the whole structure, consisting of the flyer, front, and rear plates and the elastomer layer is modeled 
with three-dimensional elements using the elastic properties of steel and the nonlinear viscoelastic user-defined 
constitutive subroutine for the polyurea. The boundary conditions are prescribed such that the material is confined 
laterally but allow for shear deformation. We constrained the top and bottom nodes to have the same 
displacement degrees of freedom; see Figure 2. This maintains a fixed lateral dimension and hence the confining 
pressure is applied automatically by the finite-element solver. At the same time the element can be sheared 
laterally.

The propagation of a finite amplitude elastic shear wave in a uniaxially pre-strained layer of elastomer has been 
discussed in [5]. The expected particle velocity on the back surface of the rear plate for an elastic wave would 
consist of stepped rises that finally converge to the impact transverse velocity regardless of the stiffness of the 
elastomer; see Figure 3. Neither of these two properties is observed in the measured transverse velocity by 
Clifton and Jiao [3]. Instead, there is a single jump at the beginning, followed by a gradual rise in the velocity. We 
sought to reproduce these characteristics using our viscoelastic model. The parameters are as listed in Table 1 
except for the ones indicated in the graph and a linear bulk modulus of elasticity of =22.5GPa. The long-time 
shear modulus, G , and the pressure-sensitivity parameter, tpC , are modified to examine their effects. Since we 
are primarily interested in the shear behavior of the elastomer under stress, a linearly elastic model is used for the 
bulk response to simplify the calculation. Figure 3 shows that the viscoelastic model properly captures the 
qualitative behavior seen in the experiment. By changing the long-time shear modulus and the pressure-
sensitivity parameter we are able to reproduce the experimental data with reasonable accuracy. 
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Figure 1. [Left] The unconfined Hopkinson-bar test results for polyurea at T=273K, and the constitutive-model 
result, valid up to 8% strain; the stress is estimated based on the lateral expansion predicted by the model. [Right] 
Confined Hopkinson-bar test and the constitutive-model results. 
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Figure 2. Schematics of the pressure–shear experiment and the FEM model. [Top] Flyer plate impacts the front 
plate at velocity V0, creating normal and transverse elastic waves that travel and load the polyurea layer and 
eventually the back plate. [Middle] The elements along the center line passing through the plates and polyurea 
layer are modeled using LS-DYNA [6]. [Bottom]  The constrained central elements. 
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Figure 3. [Left] The profile of the normalized transverse particle velocity (divided by V0 sin ) on the back surface 
of the rear plate for a fully elastic material. The time is normalized through dividing by (l/(V0 sin )), where l is the 
thickness of the elastomer. [Right] The profile of the transverse particle velocity as measured and calculated on 
the back surface of the rear plate. The solid curve depicts the experimental results [3] and other curves show the 
various possible responses by varying two parameters: the equilibrium shear modulus, G (in MPa), and the 
pressure-sensitivity parameter, Ctp (in K/GPa). 
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